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$(x^{2}=x*x)$ for $x,$ $y\in V$ $V$ , $R$ $n$
. $e\in V$ (identity element) , $x*e=e*x=x,$ $x\in V$
. $x\in V$ $x*y=e$ $y\in R[x]$ ,
$x$ (invertible) ($R[x]$ $R$ $x$ ). $R[x]$
(associative) , $y\in R[x]$ . $x*y=e$
$y$ $x$ (inverse) $x^{-1}=y$ .
$V$ (simple) , $V$
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. $V$ (Euclidean) , $V$
2 . 2 $\langle, \rangle$
, $x,$ $y,$ $z\in V$ $\langle L(x)y, z\rangle=\langle y, L(x)_{Z}\rangle$ .
, (formally real) ($x^{2}+y^{2}=0$ $x=0,$ $y=0$)
. $x\in V$ , $L(x)$ $P(x)$




. $\Omega$ $V$ . $\Omega$
, $e\in\cdot V$ $G$ . $G$ $\Omega$
, $\Omega$ (homogeneous) . $\Omega$ $\Omega^{*}$
$\Omega^{*}=\{y\in V|\langle x,y\rangle>0,\forall x\in\overline{\Omega}\backslash \{0\}\}$
. $\langle, \rangle$ $V$ , $\overline{\Omega}$ $\Omega$ . $\Omega=\Omega^{s}$
, $\Omega$ (self-dual) . $\Omega$ (symmetric)
, $\Omega$ .
, .
$V$ $\Omega=$ {$x^{2}|x$ } .
$V$ (trace) $V$ $\langle$ $\rangle$ (i.e.
$\langle x, y\rangle=tr(x*y)$ . .).
2 , $V$ $\Omega$
. $V$ ,
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$V$ , $\Omega$ $V$
. $X$ $V$ , $X^{\perp}$ $X$ ( $\langle$
$x,$
$y\rangle$ $=tr(x*y)$ ) . (P) (D)
. : $a\in X,$ $b\in X^{\perp}$
(P) : $\langle_{a,x}\ranglearrow\min$ , s.t. $x\in(b+X)\cap\overline{\Omega}=P$ ,
(D) : $\langle b,y\ranglearrow\min$ , s.t. $y\in(a+X^{\perp})\cap\overline{\Omega}=D$ .
2
, $ri(P)=(b+X)\cap\Omega\neq\emptyset,$ $ri(D)=(a+X^{\perp})\cap\Omega\neq\emptyset$ ($ri$
.). .
LEMMA 1.([2]) $\beta$ 2 .
$f_{\beta}(x)= \beta\langle a, x\rangle-\log\det(x)arrow\min$ , s.t. $x\in ri(P)$ , $(p_{\beta})$
$g_{\beta}(y)= \beta\langle b, y\rangle-\log\det(y)arrow\min$, s.t. $y\in ri(D)$ . $(D_{\beta})$
( det .)
$x(\beta)$ $y(\beta)$ $(p_{\beta})$ , $(D_{\beta})$
$.$
$\hslash.\beta\prec+\infty$ $.x(\beta)$
$y(\beta)|hx(\beta)\in ri(P),$$y( \beta)\in ri(D),x(\beta)*y(\beta)=\frac{e}{\not\in}$
(P). (D)
.
$\beta$ $x(\beta)$ (central path)
. $y(\beta)$ . (P)
(D) $ri(P)\cross ri(D)$ , $(x(\beta), y(\beta))$
. ( , $x(\beta)$ $y(\beta)$
1 .) ,
.
([5]) . $\psi(x)=-\log\det(x),$ $\psi’(y)=-\log\det(y)$
, .
LEMMA 1 . .
PROPOSITION 1.([2]) $(p_{\beta})$ , $(D_{\beta})$ $x(\beta),$ $y(\beta)$
. $(p_{\beta})$ , $(D_{\beta})$ .
$x(\beta)\in ri(P),$ $y(\beta)\in ri(D))\beta a-x(\beta)^{-1}\in X^{\perp},$ $\beta b-y(\beta)^{-1}\in X,$ $y( \beta)=\frac{1}{\beta}x(\beta)^{-1}$
4.
$V$ , $\Omega$ $V$
. $\Omega$ , $x(\beta)$ $y(\beta)$
. (dualistic
structure) [13] .
$V$ $\{e_{1}, \ldots, e_{\mathfrak{n}}\}$ , $x\in V$ $x^{1},$
$\ldots$ , $x^{\mathfrak{n}}$
$x= \sum_{i=1}^{n}$ x‘(x) . $\{x^{1}, \ldots , x^{\mathfrak{n}}\}$ $V$
. ( . (dual coordinate)
(primal coordinate) .) $V$
(canonical flat affine connection) $\nabla$ .
. $\nabla_{\theta/\theta x}:\partial/\partial x^{j}=0$ .
$\Omega$ $\psi(x)=-\log\det(x)$ $g=\nabla d\psi$
3
. $(\Omega,\nabla,g)$ (flat statistical manifold) .
$0$ . , $\nabla$
(geodesic) .
(dual statistical manifold) . $\Omega$
$\{x_{1}’, \ldots, x_{n}’\}$ $x_{i}’=-\partial\psi/\partial x^{i}$ . (dually
flat affine connection) $\nabla’$ $\nabla_{\partial/\theta x_{1}’}’\partial/\partial x_{j}’=0$ . $(\Omega,\nabla’,g)$
, $(\Omega,\nabla,g)$ .
$\nabla’$ (geodesic) ( $\nabla$
.). $(g, \nabla, \nabla’)$ .
, ( , )
. , .
3 (P) , .
$ri(P)$ $(\Omega,\nabla,g)$ $(ri(P),\nabla,g)$ .
$ri(P)$ $(\Omega,\nabla’,g)$ $(ri(P),\nabla’,g)$ , $(ri(P),\nabla,g)$
. 2 $ri(P)$ .
, . (P) $x(\beta)$
, $(ri(P),\nabla,g)$ , $(ri(P),\nabla’,g)$
. $\nabla’$ .
THEOREM 1. $(p_{\beta})$ $x(\beta)$ $\betaarrow+\infty$ $(ri(P),\nabla’,g)$
(P) .
Proof. $x\in\Omega$ , $x^{-1}$ .
$x_{1}’=x^{1} o\iota=-\frac{\partial\psi}{\partial x:}$
([13]). $x\mapsto*x^{-1}$ $\Omega$ , $\iota$ . $\iota$ 1
1 . $x$ $\{x_{1}’(x), \ldots,x_{\mathfrak{n}}’(x)\}$ ,
$x^{-1}\in\Omega$ .
$x^{-1}$ .
$\{\overline{e}_{1}, \ldots,\overline{e}_{m}\}$ $X$ , $\{\overline{e}_{m+1}, \ldots ,\overline{e}_{n}\}$
$X^{\perp}$ ($m$ $X$ ). $\{\overline{x}^{1}, \ldots,\overline{x}^{n}\}$ $V$
. $x=\sum_{i=1}^{n}2^{\backslash }(x)\overline{e}_{1}$ . +X $\{\overline{x}^{1}, \ldots,\overline{x}^{m}\}$
. $ri(P)=(b+X)\cap\Omega$ , $ri(P)$
. $ri(P)$ $\{\overline{x}_{1}’, \ldots,\overline{x}_{m}’\}$ $\overline{x}_{i}’=-\partial\psi/\partial\overline{x}_{i}$ .
. , $\{\overline{e}_{1}, \ldots,\overline{e}_{n}\}$ $\{e_{1}, \ldots, e_{n}\}$ ,
$x_{1}’=x^{i}\circ\iota$ . $x\in ri(P)$ , $x^{-1}$ $X$ $\langle, \rangle$
$\{\overline{x}^{1}(x^{-1}), \ldots,\overline{x}^{m}(x^{-1})\}$ , $\{\overline{x}_{1}’(x), \ldots,\overline{x}_{m}’(x)\}$
. PROPOSITION 1 $\beta a-x(\beta)^{-1}\in X^{\perp},$ $a\in X$ .
$x\in ri(P)$ $ri(P)$ $\beta a$
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THEOREM 1 , L $P$ SD $P$ ([1][3])
. $(ri(P),\nabla’,g)$ $(\Omega,\nabla’,g)$
( )
, [3] . ,
.
THEOREM 1 . $x^{-1}$
$\{\overline{x}^{1}(x^{-1}), \ldots,\overline{x}^{m}(x^{-1})\}=\{\overline{x}_{1}’(x), \ldots,\overline{x}_{m}’(x)\}$ $X^{\perp}$- .
$X^{\perp}$- , .
LEMMA 2. $(p_{\beta})$ $x(\beta)\in ri(P)=(b+X)\cap\Omega$
.
(1) $\Omega$ $x(\beta)^{-1}$ , $X$- $\beta a$ , $X^{\perp}$-
$\beta a-x(\beta)^{-1}$ .
(2) $(D_{\beta})$ $y(\beta)$ $X^{\perp}$- , $\Omega$ $x(\beta)$
$X^{\perp}$- $\frac{1}{\beta}$ .
(3) $\betaarrow+\infty$ $y(\beta)$ , $x(\beta)$ $(\Omega,\nabla’,g)$
$ri(D)=(a+X^{\perp})\cap\Omega$ , $V$ (
) .




$x(\beta)\in ri(P),$ $y(\beta)\in ri(D),$ $x( \beta)*y(\beta)=\frac{e}{\beta}$
, (P) (D) .
$\betaarrow+\infty$ $(x(\beta), y(\beta))$ ,
. $\Delta x\in X,$ $\Delta y\in X^{\perp}$
.
$L(y) \Delta x+L(x)\Delta y=\frac{e}{\beta}-x*y,$ $x\in ri(P),$ $y\in ri(D)$
$\Omega$ $G(\Omega)$ (scaling) ,
. .
,






(1) $HRVW/KSH/M$ (Helmberg-Rendl-Vanderbei-Wolkowicz/ - - /
Monteiro direction) : (primal scaling)
$(\Delta x, \Delta y)$ $:=(P(y)^{-\frac{1}{}}\Delta\tilde{x}, P(y)^{\frac{1}{2}}\Delta\tilde{y})\in V\cross V$,
where $(\tilde{x},\tilde{y}):=(P(y)^{1A}ax, P(y)^{-}zy)=(P(y)\}_{x,e)}$ .
(2) NT (Nesterov-Todd direction) : (primal-dual scaling)
$(\Delta_{X}, \Delta y)$ $:=(P(z)\}_{\Delta\tilde{x},P(z)^{-\#}\Delta\tilde{y})\in VxV}$ ,
where $(\tilde{x},\tilde{y})$ $:=(P(z)^{-\#}x, P(z)\}_{y},$ $\exists 1_{Z}\in\Omega$ such that $P(z)^{-:}x=P(z) y$ .
$x\in\Omega$ , $P(x)^{-1}2\in G(\Omega)$ $P(x)^{-}\}_{X}=e$ .
$\Delta\tilde{x}\in X,$ $\Delta\tilde{y}\in X^{\perp}$ .
NT .
LEMMA 3. NT ( ) $P(z)^{-\#}$
$z=y^{-\}}$ ($y$ y#)\star y\dashv
$y$ $x$ . $z$ $y$ $x$
.
[14] .







(1) $x(\beta)^{-1}$ $(\Omega,\nabla’,g)$ ( ) ,
LEMMA $2.(3)$ $y(\beta)$ .
.
(2) LEMMA 3 .
$O$
[1] K. Tanabe: Center flattening transformation and a centered Newton method for
linear programing, Manuscript presented at MP seminer, The Operations Research
Society of Japan, July (1987).
6
[2] L. Faybusovich: Linear systems in Jordan Algebras and Primal-dual Interior-point
Algorithms, J. ComPutational and APPlied Math. 86, 149-175 (1997).
[3] : , , Vol 46,
No.2, 317-334 (1998).
[4] J.F.Sturm: Similarity and Other Spectral Relations for Symmetric Cones, 312,135-
154 (2000).
[5] , , , : , (2001)
[6] : Euclidean Jordan ,
(2002)
$O$ $-$
[7] J.Faraut and A.Kor\’anyi: Analysis on Symmetric Cones, Oxford (1994).
$O$
[8] , : , 12 (1993).
[9] S.Amari and H.Nagaoka, Method of information geometry, Amer. Math. Soc.,
Providence, Oxford University Press, Oxford (2000).
[10] A. Ohara, N. Suda and S. Amari, Dualistic Differential Geometry of Positive
Definite Matrices and Its APplications to Related Problems, Linear Algebra and Its
Applications, 247, 31-53 (1996).
$O$ ( .
)
[11] , : , (1994)
[12] : , (2001)
[13] K.Uohashi and A.Ohara: Jordan Algebras and Dual Affine Connections on Sym-
metric Cones, Positivity, Vol.8. 369/378 (2004)
$O$
[14] F.Kubo and T.Ando: Means of Positive Linear Operators, Math. Ann., 246,205-
224 (1980).
[15] A.Ohara: Geodesics for Dual Connections and Means on Symmetric Cones,
Integr. Eq. Oper. Theory 50, 537-548 (2004).
7
